X- h Y-HHBapnaHTbi ^H<^<^epeHiiHajibHbix 
onepaTopoB c nacTHbiMH npoH3BO^HbiMH Ha 

njIOCKOCTH 
ExaTepHHa LUeM^KOBa 

AHHOTapHfl 

B pa6oTe paccMaTpHBaeTca KjiaccHHecKaa npo6jieMa KOMnbioTep- 
hoh ajire6pbi - CHMBOjibHoe penieHHe ,ziH(pcpepeHHHajibHbix ypaBHeHHH. 
A HMeHHO, innpoKO Hcnojib3yeMbie TeopeMbi ,II,ap6y o npeo6pa30BaHH- 
hx rnnep6ojiHHecKHX onepaTopoB Ha njiocKOCTH c noMombio flHcpcpe- 
peHiniajibHbix noflCTaHOBOK nepeHOCHTCH b npocTpaHCTBO HHBapnaH- 
tob. Bbo^htch X- h y-HHBapnaHTbi /i,jih TaKiix onepaTopoB KaK pe- 
ineHHH HeKOTopbix ypaBHeHHH 3anncaHHbix b TepMHHax HHBapHaHTOB 
Jlanjiaca caMoro onepaTopa L OTHOCHTejibHO KajiH6poBOHHbix npeo6- 
pa30BaHHfi. IIojiyHeHbi HBHbie cpopiviyjibi npeo6pa30BaHHfi MHOJKecTB 
X- h y-HHBapnaHTOB npn npeo6pa30BaHHHX ,II,ap6y. 

1 BBe^eHHe 

Teopna npeo6pa30BaHHfl ,Hap6y rjis jiKHeftHBix rHnepGojinnecKHx ypaBHe- 
HHH BToporo nopa/xita Ha njiocKOCTH HBjineTCH KjiaccHKoft chmbojibhbix aji- 
ropnTMOB h HMeeT MHoroHHCJieHHBie npujiojKeHHSi : ^jia chmbojibhbix penie- 

HHH 3a^aH KJiaCCHHeCKOH ^HCpCpepeHHHajIBHOH reOM6TpHH [2, 6], TeopHH HH- 

TerpnpyeMBix chctcm [20, 15], fljia Hccjie/ipBaHHH HejiHHeHHBix ypaBHeHHH 
HHTerpnpyeMBix no ,H,ap6y [17, 1, 7, 8]. IIojiyHeHBi MHoroHHCJieHHBie 0606- 
meHHH KjiaccHHecKofl TeopHH ^apGy KaK fljiH rHnepGojinnecKHx aaj^an (flJis 
CHCTeM ypaBHeHHH Ha njiocKOCTH [18, 19, 21, 12], ,h,jih ypaBHeHHH c Gojiee 
neM jjByMH He3aBHCHMBiMH nepeMeHHBiMH [4, 5, 13], TaK h ,a;jia Hernnep6o- 
jiHHecKHx: [11, 10, 9, 22]. 
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B camion pa6oTe mm B03BpamaeMCH k KjiaccnnecKHM fljisi Teopnn ^ap6y 
riinepGojiiiHecKHM onepaTopaM BToporo nopa/rica, T.e. onepaTopaM BH^a 



IlycTB u = u(x, y), L(u) = 0, M - jiHHeHHBin ^nicpcpepeHHnajiBHBiH onepaTop 
c lacTHBiMH npoH3Bo^HBiMH, h v(x, y) = Mu. B o6meM cjiynae Taxoe v 6yn;eT 
y^oBjieTBopHTB nepeonpe^ejieHHofi cncTeMe jinHeftHBix ^nicpcpepeHHnajiBHBix 
ypaBHeHHfl, h jihihb npn oco6om BBi6ope M mm nojiynaeM tojibko ojxho HOBoe 
ypaBHeHHe: L\V = 0, r^e L% Toro nee BH/j;a hto h L, (1), ho c H3MeH6HHBi- 
mh K03(p(pHn;HeHTaMH ai(x,y), ci(x,y), b% = b. B TaxoM cjiynae mm HMeeM 
du$$epeH%uaAbHoe npeo6pa.3oeaHue [22] onepaTopa L b L\ c noMomBio M, 
h fljia HeKOToporo onepaTopa M\ HMeeT MecTo paBeHCTBo 



saflaiomee jieBoe HaHMeHBHiee oGrnee KpaTHoe ILCM(L, M) b KojiBue 
K[D] = K[D x ,D y ] JiHHeflHBix jxncpcpepeHHHajiBHBix onepaTopoB Ha njioc- 

KOCTH. 

H3BecTHo [3, Ch. VIII], hto b cjiynae oGmero nojioHceHHH Bee Taxne one- 
paTopBi M onncBiBaioTCii b TepMHHax oflHoro hjih JXByx nacTHBix perneHHH 

ypaBHeHHH L(z) = 0. Bo3MO)KHBI H BBipOJK^eHHBie CJiyHaH, Cpe^H KOTOpBIX 

h KjiaccHHecKoe npeo6pa30BaHHe JIanjiaca, fljis 3a/i;aHHH KOToporo Tpe6y- 
eTca jihhib 3HaHHe KOBcpcpHHiieHTOB onepaTopa (1). CooTHonieHHe (2) fljis 
"cnjieTaioiHero onepaTopa" M Taxace ninpoxo ncnojiB30BajiocB npn H3yne- 
hhh HHTerpnpyeMBix 3a^an [16, 14]. 

B ^aHHofi paGoTe mm nepeHocnM KjiaccnnecKne pe3yjiBTaTBi ,Hap6y o 
npeo6pa30BaHH5ix rnnepGojinnecKHX onepaTopoB Ha njiocKOCTH c noMomBio 
^rHcpcpepeHnnajiBHBix no^cTaHOBOK b npocTpaHCTBo HHBapnaHTOB. Corjiac- 
ho /Jap6y jnoGoe ^H(p(pepeHn,najiBHoe npeo6pa30BaHne mojkct 6bitb npefl- 
CTaBjieHo b BH^e nocjie,a,OBaTejiBHocTH ^HcpcpepeHHiiajiBHBix npeo6pa30BaHHH 
npocTenniero BH/ra, T.e. TaKHX hto M - onepaTop nepBoro nopniXKa n co^ep- 
jkht onepaTopBi jjiicpcpepeHHHpoBaHHH tojibko no ojxhoh nepeMeHHoii (mm 
Ha3BiBaeM nx X- n y-npeo6pa30BaHHH ,H,ap6y). Tax kbk nacTHBie penieHHH 
z ypaBHeHHH L(z) = HcnojiB3yioTCH fljin nocTpoeHHH jxHcpcpepeHHHajiBHBix 
npeo6pa30BaHHH, mm paccMaTpnBaeM HHBapHaHTBi R h Q, (6) nap (L, z) 
BMecTo o6BiKHOBeHHo paccMaTpHBaeMBix nopoacflaiomHx HHBapnaHTOB h H k 
caMoro onepaTopa L othochtcjibho KajinGpoBonHBix (cm. onpeflejiemie b ceK- 
hhh 2) npeo6pa30BaHHH. OyHKHHH Q h R mojkho nocTpoHTB no z, h o6paTHo, 

no R H Q MffiKHO nOCTpOHTB z. 



L = D x D y + a(x, y)D x + b(x, y)D y + c(x, y) . 



(1) 



Mi o L = Li o M , 



(2) 



2 



Mm noKa3MBaeM, hto KajK^yio H3 cpyHKiiiiH R h Q mojkho 3a,a;aTb kbr 
pemeHHe HeKOToporo ypaBHeHHH ((7) h (8)) c KoscpcpHinieHTaMH 3aBHCHiiiH- 
mh tojibko ot h h k, to ecTB ypaBHeHne o^ho fljia Ka>K^oro Kjiacca skbh- 
BajieHTHocTH onepaTopoB L. PerneHHa sthx ypaBHeHHft mbi Ha3BiBaeM X- h 

Y-HHBapHaHTaMH. CBOHCTBa X- H y-HHBapHaHTOB IIOKa3BIBaiOT, HTO BBe^eH- 
Hbie nOH2TH5I HHTepeCHbl H MOryT 6bITb nOJie3HbIMH flJIH pa3BHTHH MeTO^OB 

,H,ap6y h hx o6o6ineHHH. 

Abtop 6jiaro,n;apHT npocpeccopa C.Il.IIapeBa 3a nojie3Hbie 3aMenaHH5i. 

2 OcHOBHbie onpe^ejieHHH 

IlycTb K - ^H(p(pepeHU,HajibHOM nojie K xapaKTepucTHKii hojib c KOMMy- 
THpyioiiiHMH ^H(p(pepeHu,HpoBaHHaMH d x ,d y , K[D\ = K[D x ,D y ] - kojibh,o 
K[D] = K[D x ,D y ] jiHHeiiHbix onepaTopoB c nacTHtiMH npoH3Bo^HbiMH c 
KoscpcpHiiiieHTaMH H3 K, r^e D x , D y cooTBeTCTByioT ^HcpcpepeHiiiipoBaHHHM 
d d 

OnepaTopbi L G K[D] mvreioT bh,h; L = J2t+j=o a ijD x D y -, ryre G K. 
MHoroHjieH Sym L = ^2 i+ j =d aijX l Y^ cpopMajibHbix nepeMeHHbix X, Y Ha30- 
BeM (rjiaBHbiM) cumoojiom L. 

Hone K 6yneM npe^nojiaraTb flHcpcpepeHiiHajiBHo 3aMKHyTbiM, T.e. co- 
^epxcaiiiHM perneHHa (HejiHHeHHBix b oGirieM cjrynae) £,H(p(pepeHHiiajiBHBrx 

ypaBHeHHH C K03(p(pHHHeHTaMH H3 K. 

IlyCTb K* - MHOJKeCTBO o6paTHMBIX SJieMeHTOB 113 K. J\jl9l L G K[D] H 

Kaac^oro g G K* paccMOTpiiM KajinGpoBOHHoe 1 npeo6pa30BaHHe 

L L 9 = g" 1 o L o g . (3) 

Tor^a ^HcpcpepeHi^HajibHo-ajireGpaiiHecKoe BbipaaceHiie I ot KOBcpcpHiiiieH- 
tob onepaTopa L ii hx npoii3Bo^Hbix Ha3BiBaeTCH uHeapuanmoM oTHociiTejib- 
ho 3THX KajiiiGpoBOHHbix npeo6pa30BamiH, ecjiii oho He MeHHeTCH npn sthx 
npeo6pa30BaHHHX. IIpocTeHHiHe npHMepbi HHBapnaHTOB - KoscpcpHHiieHTbi 
CHMBOJia onepaTopa. nopojK^aioiiiHM mhojkcctbom HHBapnaHTOB Ha3biBaeT- 
ca HaGop HHBapnaHTOB, Taxofi, hto jiioGoh ^HcpcpepeHiiHajiBHBiH HHBapnaHT 
MoaceT 6biTb BbipaaceH nepe3 HHBapnaHTbi 3Toro Ha6opa h hx npoH3Bo^Hbie. 

*b aHrji. gauge transformation 
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3 X- H Y-HHBapHaHTbl 

HBBeCTHO [3], HTO (pyHKUHH 

h = ab + a x — c , k = ab + by — c (4) 

o6pa3yioT nopojK^aiornee MHoacecTBO ^HCpcpepeHirHajiBHBix HHBapnaHTOB 
fljia onepaTopoB L BH,n,a (1) OTHocnTejiBHo KajinGpoBOHHBix npeo6pa30Ba- 
hhh (3). CooTBeTCTByiomee npeo6pa30BaHiie a^ep, Ker(L) — > Ker(L'): 

z^z' = - . (5) 
9 

OyHKi^HH h h k Ha3BiBaioT HHBapnaHTaMH Jlanjiaca. 

,U,ajiee mbi 6yneM paccMaTpuBaTB KajinGpoBoiHBie npeo6pa30BaHHH nap 
(z, L), rpp z G Ker L. 

JleMMa 3.1. (pyHKv,uu 

R(b,z) = R = -b-— u Q(a,z) = Q = -a-^ (6) 

H6AHK>mcfi UHeapuanmaMU 3ar nap (z,L), z ^ onmocumejibHO naAu6po- 
eoHHUx npeo6pa3oeaHuu. 

JJ,0Ka3ameAbcm,60. ^ocTaTOHHO BBinncaTB (popMynBi npeo6pa30BaHHii Koscp- 
(pimii6HTOB onepaTopoB L BH^a (1) h iicnojiB30BaTB (5). □ 
OyHKUHH RnQ oGjia^aioT npHMenaTejiBHBiM cbohctbom: ohh ynoBjieTBo- 
paioT ypaBHeHHaM, 3aniicaHHBiM tojibko b TepMimax h h k. TaKiiM o6pa30M, 
ypaBHeHHa He co^epxcaT z. 

"yTBepacfleHHe 3.2. Lfycmb R = r ^ 0,Q = q ^ noAynenu no (fiopMy- 
acim (6) U3 Henomopodo z e Ker L,z ^ 0, moeda eepuu coomnomenusi 



(?) 



h - k - r y + + {lnr) xy = 0, 

h - k + q x - ( - j -(lnq) xy = 0, (8) 



9/ y 



zde h uk - uneapuanma JIanAaca (4) onepamopa L. 

/JoKasameAbcmeo. PaBeHCTBa npoBepaioTCH no^CTaHOBKofi. □ 
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Onpe^ejieirae 3.3. PeirremiH r h q ypaBHeHHft (7) h (8) mm Ha30BeM X- 

H F-HHBapiiaHTaMH COOTBeTCTBeHHO. 

JleMMa 3.4. KacacdoMy X- (coome. Y-) uneapuanmy r (coome. q) coom- 
eemcmeyem moAbKo odno (c mouHocmbw do yMHoafcenuH na KOHcmanmy) z 
manoe, umo z G KerL u r = —b — z x /z (coome. q = —a — z y /z). To ecmt> 

z = f(y)e-f b+rd * (9) 
[coome. z = g(x)e~ $ a+q dy ^j , 

ede f(y) u g(x) eduHcmeeuHu c moHHOcmbto do Koncmanmu 2 . 

,IIoKa3amejibcmeo. IlycTb r - X-HHBapnaHT HeKOToporo onepaTopa L, (1). 
IlycTb z = f(y)e~fo b+r dx . 3^ecB mbi j\tlk KpaTKocTH He bbo^thm HOByio nepe- 
MeHHyio ^Ji5i HHTerpiipoBaHiisi. TaKHM o6pa30M, f(y) - BbmejieHHaa "Heonpe- 
^ejieHHocTB" iiHTerpiipoBamiJi no x. ,H,oKa>KeM, hto mojkho no,n;o6paTb f(y) 
Tax, hto z G KerL. 

Btipa3iiM KoscpcpHHiieHTbi c = c(x, y) n b = b(x, y) nepe3 iiHBapiiaHTbi 
Jlanjiaca his. k, (4) onepaTopa L: c = —h + ab+a x nb = J k — h + a x dy, h a = 
a(x, y). B BbipaaceHHii ,n,jia b co^ep>KHTCJi Heonpe^ejieHHocTB (npon3BOJiBHa5i 

(pyHKHHH OT x), HO 3TO He BJIHHeT ^ajIBHeHHIHe BBIHHCJieHHSI, TaK B HHX 

ynacTByeT TOJibKo b y . 

Bbipa3HM h H3 paBeHCTBa (7). no^cTaBHM 3th Bbip a>KeHH5i b BbipaaceHHe 
^jia z. Tor^a paBeHCTBo L(z) = HMeeT bh/i, 

f( y )A + (f( y )) y -f(y) [ X A x dx = 0, 

Jo 

me 

A = A(x,y) = - + TjL + a . 
Tax kbk J* A x dx = A(x, y) — ^4(0, y), to HMeeM 

(f(y)) y + f(y)A(0,y) = 0. 

OTCIO^a f(y) HaXO^HTCH 0,T,H03HaHHO C TOHHOCTbK) ^O yMHOJKeHHH Ha KOH- 

CTaHTy, h, Kax bh^ho, ^eficTBHTejibHo, HBjiHeTca (pyHKi^Hefl 3aBHC2iHeH TOJib- 
ko ot nepeMeHHoii y. 

2 T.e. f(y) ii g{x) 3,n,ecb He napaMeTpti, a onpeflejieHHbie (pyHKiniii 
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H3 ycjioBHH r = —b — z x /z bh^hm, hto jiio6oe Taxoe z, earn cymecTByeT, 
HMeeT bh,h; z = f(y)e~fo b+r dx ? hto h ^0Ka3BiBaeT e^HHCTBeHHocTb. 

YTBepjK^eHHe fljia q (y-HHBapHanra onepaTopa L) ,noKa3BiBaeTCH aim- 

JIOTHHHO. □ 

TaKHM o6pa30M, ,n,oKa3aHo BaxcHoe cbohctbo X- h Y- nHBapnaHTOB : mho- 
jKecTBo Bcex R, nojiyneHHBix H3 z £ KerL, z ^ 0, coBna^aeT c mhojkcctbom 
peineHHfl r ypaBHeHHs (7), T.e. c mhojkcctbom X-HHBapnaHTOB ( aHajiornnHo 
fljia Q, q vi F-HHBapHaHTOB). To ecTb X- h F- HHBapnaHTBi mojkho paccMaT- 
piiBaTB Kax "npoeKTHBH3an;Hio" npocrpaHCTBa pemeHHH L(z) = 0. 

Cjie,a,CTBHe 3.5 (cbh3b Meyapy X- h Y- HHBapnaHTaMn) . Meotcdy X- u Y - 
uHeapuaumaMU cyu^ecmeyem 63auMHO-odH03Ha,HHoe coomeemcmeue. 

Tanue napu X- u Y - uHeapuanmoe 6ydeM H03uearm> "coomeemcmeyw- 
wximu". Ohu ydoeAemeopttwm coomnomenuw 

r y - q x = h - k , (10) 

ede h u k - uHeapuanmu JIanAaca (4) onepamopa L. 

JJ,oKa3ameAbcmeo. IlycTb r - X-iiHBapnaHT, Tor,n;a no JleMMe 3.4 cyrnecTByeT 
tojibko o^ho (c tohhoctbio ^o yMHo>K6HHsi Ha KOHCTaHTy) z £ Ker L Taxoe, 
hto r = —b — z x /z. HcnojiB3ya sto z erpOHM V-HHBapnaHT q = —a — z y /z. 

OTMeTHM, HTO npH yMHOJKeHHH Z Ha KOHCTaHTy q He H3M6HHTC5I , TaKHM 06- 
pa30M OH eflHHCTBeHHBIH flJIH flaHHoro r. 

IlepeKpecTHo ^ncpcpepeHHHpyH HMeioiiiHecH paBeHCTBa r = —b — z x jz h 
q = —a — Zy/z, nojiynaeM (10). 

Tohho TaKoe ace cooTHomeHHe nojrynaeTCH, ecjin no ^aHHOMy Y- 
HHBapnaHTy q nocTpoHTB, ncnojiB3ya JleMMy 3.4, z £ KerL TaKoe, hto 
q = —a — Zy/z, a no z nocTpoHTB X-HHBapnaHT r = —b — z x /z. □ 

4 CBOHCTBa X- H Y- HHBapHaHTOB 

IlycTb 

Keix{L) = Keix(h,k) (cootb. Kery(L) = Kery(/i, k)) 

- MHOJKecTBo X- (cootb. Y-) HHBapHaHTOB onepaTopa L c nopojK^aroiirHMH 
HHBapnaHTaMH (4). 
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IlycTb z G Ker L, z ^ 0, r h q - cooTBeTCTByioiHHe X- h y-HHBapnaHTBi, 
Tor^a, corjiacHo ^ap6y [3], rjis onepaTopa 

M = D x -^ = D x + r + b (11) 

cymecTByioT e^HHCTBeHHo onpe^ejieHHBie onepaTopBi M x h Li TaKiie, hto 
BBinojiHaeTcs (2). AimjiorHHHo, ^jia onepaTopa 

M = D v -^ = D v + q + a 

cymecTByioT e^HHCTBeHHo onpe^ejieHHBie onepaTopBi M\ h L x Taxne, hto 
BBinojiHaeTca (2). TaKne ^HcpcpepeHHHajiBHBie npeo6pa30BaHHH Ha30BeM X- 
h y-npeo6pa30BaHHa ,U,ap6y cooTBeTCTBeHHo. Taxne npeo6pa30BaHHs: ^aioT 
IR-jiHHeflHoe oTo6pa>KeHHe a^pa L b a^;po Li. OKa3ajiocb, hto sto oToGpaxce- 
HHe mojkho nepeHecTH h Ha X- h F- HHBapnaHTBi , xots stot cpaKT 3apaHee 
He oneBH^eH. 

TeopeMa 4.1 (Ker^(-^) no^ ^eficTBHeM Z-npeo6pa30BaHHH ,II,ap6y, 
Z G {X, Y}). Lfycmb r G Kerx(£) (coome. q G Kery(L)j ; ii Li 
onepamop noAyneHHUu U3 onepamopa L coomecmcmeymv^uM X- (coome. 
Y-) npeo6pa3oeanueM JJ,ap6y, mosda Keix{L)/{r } — > Kerx(-^i) (coome. 
Kery(L)/{g } — > Kery(L 1 ) y ) no CAcdywv^cu (fiopMy/ie: 



r [ — ) (12) 



roj x r -r 



coome. q \-¥ q 



Qo 



QoJ y qo - q 



floKaaamejibcmeo. 06o3HaHHM onepaTop L nepe3 ero KoscpcpHuneHTBi: (1). 
IlycTB r G Ker x (L), Tor^a 



2f) 



f(y)e~ Jb+ro dx G KerL 



H MM MOJKeM BBipa3HTB C Hepe3 T , a, f(y), b. IIo^CTaBHM M = D x + r + b 

h BbipaaceHHe fljiH c b (2), r^e L\ h Mi Toace BBe^eM nepe3 KoscpcpHHHeH- 
tbi: Li = -D^-Dy + a 1 (x,y)D x + bx(x,y)D y + cx(x,y), M x = D x + m 100 (x,y). 
JXajiee b ^,0Ka3aTejibCTBe mm rjik KpaTKocTH 6yn;eM onycKaTb o6o3HaneHHe 
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3aBHCHMocTH KoscpcpimneHTOB ot He3aBHCHML»ix nepeivreHHBix, HanpiiMep, 6y- 
fleM nucaTB a BMecTo a(x,y). 

H3 nojiyneHHoro onepaTopHoro paBeHCTBa, cpaBHHBas cooTBeTCTBeHHBie 
K03(p(pHn;HeHTBi, nocjie^oBaTejiBHo BBipa3HM ax, bi, C\, mioo- B lacTHocTH, 
Mbi nojiy^HM 

m 100 =r + b . 

IlycTB r e Kerx{L)/{ro}, Tor,n;a 

z = g(y) e -f b+r dx E KeiL , 

h M(z) e KerLx. 3aMeTHM, hto rjir r = r mbi nojiyHHM M(z) = 0. Tor,n;a 
X-HHBapnaHT onepaTopa L\ mojkho nocTpoHTB no cpopMyjie: 

r = " 6l -M^- (13) 

YnponjaH sto BBipaxceHiie, nojiyniiM (12). 

YTBepjK^eHHe fljis Y-HHBapiiaHTOB ^0Ka3BiBaeTca aHajiorHiHo . □ 

IIpHMep 4.2. PaccMOTpHM onepaTop 

L = D x D y + 1 — x 2 — xy , 

h ero X-HHBapnaHT 

r = x + y . (14) 

HHBapnaHTBi JIanjiaca onepaTopa L paBHBi: h = k = — 1 + x 2 + yx. 

IlycTB L\ - pe3yjiBTaT X-npeo6pa30BaHHH ,U,ap6y cooTBeTCTByiomero r$. 
CorjiacHo cpopMyjie (11), HMeeM M = D x + r = D x + x + y. Pe3yjiBTaT 
Taxoro ,U,ap6y npeo6pa30BaHHa, onepaTop L\ HaflfleM H3 onepaTopHoro pa- 
BeHCTBa (2): 

Li = D x D y — D y - x 2 - xy . 

x + y 

Ero HHBapnaHTBi JIanjiaca (4) hmciot bhji 

, 2 , x 4 + 3x 3 y + 3x 2 y 2 + y 3 x + 1 

h 1 = x +xy , h = — ■ — - . 

[x + yY 
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riycTb r - KaKoft-To flpyron X-HHBapnanr onepaTopa L. CorjiacHo Teo- 
peMe 4.1, ri, nojiyneHHoe no cpopMyjie 

— (x + y)r 2 + (x 2 + 2xy + y 2 - l)r + r x x + r x y 

n = 7 T7 : • (15) 

[x + y) (x + y — r ) 

HBjiaeTCH X-HHBapnaHTOM onepaTopa L\. 

3to mojkho h sbho npoBepnTB. J\mi 3Toro npoBepiiM BBinojraeHne pa- 
BeHCTBa (7) fljia onepaTopa L\ (to ecTB npn no^cTaHOBKe ri, hi, ki 
BMecTo r, h, k cooTBeTCTBeHHo). JleBaa nacTB paBeHCTBa (7) ecTB HeKo- 
Topoe ajire6pannecKO-^n(p(pepeHn;HajiBHoe BBipaaceHHe B 3aBHC5nnee ot 

) J/ ) Hi ' x, 1 y, 1 xx, 1 xy, 1 xxy 

,U,jih ero ynpomeHns BocnojiB3yeMCH TeM, hto r - X-HHBapnaHT onepaTo- 
pa L, a 3HannT HMeeT MecTo paBeHCTBo (7). HojiynnM 

T 2 T y - 2rx -ry- r x + r x x 2 + r x xy - r xy r + r y r x _ 

JX&nee ncnojiB3yeM cTaH^apTHyio fljia ^ncpcpepeHnnajiBHon ajireGpBi npo- 
n,e,nypy: H3 paBeHCTBa (16) BBipa3HM r xy nepe3 r, x, y, r x , r y , a 3aTeM, ^ncpcpe- 
peHirnpyH, sto paBeHCTBo no x n no^CTaBjiHH BBipaxceHne fljia r xy , nojiynaeM 
BBipaaceHne fljia r xxy nepe3 r,x,y,r x ,r y ,r xx . Tenept no^CTaBHM Han^eHHBie 
BBipaJKeHHa ^jih r xy n r xxy b B. Ilocjie ynpomeHnn nojiynaeM B = 0. 

TeopeMa 4.3 (Keix{L) nofl ^encTBneM y-npeo6pa30BaHnn ,ZIap6y). ITycmb 
qo e Kery(L), u Li - onepamop nojiynennuu U3 onepamopa L coomeemcmey- 
wm,UM Y-npeo6pa3oeaHueM fl,ap6y. Tosda omo6paoK.enue Keix{L)/{r } ~~ ► 
Kerx(-^i) 3adaemcfi g5opMyjiou 

Qox + h- q r 



r i — y 



qo-q 



ede q - coomeemcmeymv^uu r Y -UHeapuanm onepamopa L, u tq - coomeem- 
cmeytou^uu go X -uneapuanm onepamopa L. 

,I(oKa3ameJibcmeo. 06o3HannM onepaTop L nepe3 ero KoscpcpnnneHTBi: (1). 
KoscpcpHnnenr c mojkho BBipa3HTB nepe3 HHBapnaHT h, (4). Ilo^cTaBHM 
M = D y + go + a H BBipaaceHne rjik c b (2), r^e L\ n M\ To>Ke BBe^eM 
nepe3 Kosc^cpnnneHTBi: Li = D x D y + a 1 (x,y)D x + bi(x,y)D y + Ci(x, y), 
Mi = D x + m 10 o(x,?/). /I,ajiee b ^;oKa3aTejibCTBe mbi ^jih KpaTKocTH 6y- 
^eM onycxaTB o6o3HaneHne 3aBncnMocTn KoscpcpnnneHTOB ot He3aBncnMBix 
nepeMeHHBix. 
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H3 nojiyneHHoro onepaTopHoro paBeHCTBa, cpaBHHBaa: cooTBeTCTBeHHBie 
KosdpcpiiiTiieHTBi, nocjie^oBaTejiBHo BBipa3iiM a%, b\, c\, m wo . B HacTHocm, 
Mbi nojiy^HM 

mwo = q + a . 

IlycTB r G Keix{L), q - cooTBeTCTByioHiHii r V-HHBapnaHT onepaTO- 
pa L, z - cooTBeTCTByioiu;Hii sjieMeHT H,zrpa L. Tor^a M(z) G Ker L\ 11 X- 
HHBapnaHT onepaTopa L\ mojkho nocTpoiiTB no qbopMyne (13). IIojiyHennoe 
BBipaxceHHe, 

_ _ (ab + a x + bq + q 0x )z + z x q + bz y + z x a + z xy 

(a + q )z + z y 

He ynpornaeTcs Tax yae npocTo KaK Bbipa>KeHHe rjik X-nnBapnaHTa b ,n,oKa- 
3aTejiBCTBe TeopeMBi 4.1. 

Bocnojib3yeMCH TeM, hto z G KerL, BBipa3HM z xy nepe3 npoH3Bo^HBie z 
MeHBinero nopa^Ka h no^cTaBHM b (17). BBipa3iiM npoii3BO,zrHBie z nepBoro 
nopa,a,Ka nepe3 z ncnojiB3y5i CBH3B MejK^y r h q: 

z x = -(b + r)z, z y = -(a + q)z, (18) 

ii no^CTaBHM b (17), h nanyHHM yTBepacflemie TeopeMBi. □ 

3aKjiK>HeHHe 

B ,n,aHHOH cTaTBe mbi iiojihoctbio nepeHecjiH ^eflcTBHe npeo6pa30BaHHH 
,U,ap6y b npocTpaHCTBo HHBapiiaHTOB. BBe^eHBi HOBBie noHHTiia X- h Y- 
HHBapnaHTOB, KOTopBie o6jia^;aioT ^ocTaTonno HHTepecHBiMH cBoiicTBaMH, 
htoGbi npe^nojiaraTB, hto hx ^ajiBHefirnee nsyieniie iio3bojiiit npoacHiiTB 
MHorne npoGjieMBi chmbojibhbix perneHiifl ^iHqbqbepeHiiiiajiBHBix ypaBHeHiifi. 

,U,eHCTBHe KjiaccHHecKHx npeo6pa30BaHiifi JIanjiaca b npocTpaHCTBe hh- 
BapnaHTOB ocTaeTca noxa neBBiaciiennBiM. 
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